AMS10 HW2 Grading Rubric

Problem 1.Simplifying fractions of complex numbers. Suppose we have a complex number expressed
as the division of two distinct complex numbers of the form

_apt+iby
N ag + iby
Then a method of finding the real and imaginary component involves the complex conjugate of

the denominator in order to remove any imaginary numbers from the denominator. Recall that
2%Z = |z|? is a real non-negative number. The following is an illustration of this

a1 + iby

= 18

“T aatibs (18)

1 a1 +1ib

= . 19
1 as+ by (19)
as — ibQ a + ibl

_ , 20
as — ibQ a + ibQ ( )

_ (CLQ — Zbg)(al + Zbl) . (21)

a3 + b3

Apply this method to find the real and imaginary components of the following expressions (don’t
just plug in values but show work):

3+1

. 22
R (22)
1+

b. 23
2 (23)
1— 2
. 24
“ 2% (24)
12
d. 25
1+2i (25)
142
2%
51 3i (26)
(27)
Solution:
3447 2—4 344 642%-3+1 T—i 7T 1
2+i 2—i 244 A+1 5 5 5
b Lti 240 1ei 2431 143 1,3 29)
2—19 24+1 2—1 4+1 5 5
1-2 2-92 1-2 2-4i—-2—-4 -2-6i 1 3
t . = . = = :_7_7.
pts)e: o = 5% a7 2 A+ 4 8 17 (30)
1-92 1-2i -1-2i —142-2—-4 -5
Orts)d 4 = 1% T2 411 5 (31)
(5pts) 142 53 142 _ 543i+10i+6 1413 1 13, (3
S)e. = . = = o — —1
P 5+3i 5-3i 5+ 3 2549 34 34 34

Problem 2. Division of complex numbers using the exponential form. Suppose you are given two
complex numbers in the form z; = r1e! and 29 = r2€"2, then the division is given by

i0
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which is equivalent to
a_n (cos(fy — 02) + isin(6; — 602)) .
22 2

i. Find the argument (or phase) for the numerator and denominator of (a)-(e) in problem 1.

Find the angle using arctan and applying the appropriate adjustment.

answer using the Matlab command angle (e.g. angle(1+i)).
Solution:

a. arg(3 4 i) = arctan(1/3)
arg(2 4 i) = arctan(1/2)
b. arg(1l 4 i) = arctan(1)

(5pts)d. arg(—1 —2i
arg(1l + 2i
(5pts)e. arg(—1+ 2i
arg(b + 3i) = arctan(3/5)

Show work. Verify the
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ii. Find the modulus (or absolute value) for the numerator and denominator of (a)-(e) in Problem
1. You may work out by hand or use the Matlab command abs (e.g. abs(1+i)). You can also work

out by hand and verify using Matlab.
Solution:

a. |34 =v32+12 =10
2+i=(22+12=5

b. |1+ = V2

2—i =5

(5pts)c. |1 —2i| =5

12+ 2] = /38

(5pts)d. | — 1 —2i| = /5

11+ 2i =5

(5pts)e. | — 14 2i| =V/5
5+ 3i| = V34

(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)
(54)

53
54

iii. Calculate the real and imaginary component of (a)-(e) using the complex exponential form
and verify that it is equal to the results found in Problem 1. Recall, two complex numbers a + ib

and ¢ + id are equal if and only if a = c and b = d.
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Solution: Applying the definition of the complex exponential we find that the real part is
a. Re:

Im:

b. Re:

Im:

(5pts)c. Re:

Im:
(5pts)d. Re:

Im:

(5pts)e. Re:

%005(91 —69) =
%005(91 —0y) =
%cos(&l —69) =
%008(01 —09) =
%cos(@l —69) =
%cos(@l —0y) =
%cos(@l — b)) =
%cos(@l —03) =
r

1 —_—
g cos(f) — b2) =

‘/\/1? cos(arctan(1/3) — arctan(1/2)) = 1.4
‘/\/1? sin(arctan(1/3) — arctan(1/2)) = —.2
g cos(arctan(1) — arctan(—1/2)) = .2
g sin(arctan(1) — arctan(—1/2)) = .6
ﬁ cos(arctan(—2) — arctan(1)) = —.25
ﬁ sin(arctan(—2) — arctan(1)) = —.75
cos(—7) = —1

sin(—7) = 0

V5

—— cos(arctan(—2) + 7 — arctan(3/5)) = .0294

ek

1 . .
Im: —cos(0; — 62) = sin(arctan(—2) + m — arctan(3/5)) = 0.3824¢
" cos(0) — 6) = ~sin(arctan(~2) 3/5)
Problem 3. Given the complex number z = —1 + 2i find the m distinct m-th roots (z'/™) for
a. m=10
b. m=45
c. m=100

It is ok to leave in exponential form.
Solution: The complex form is

where

a. 219

b Z15

c. 2200

P \/561'9

0 = arctan(—2) + .

(5pts)a. 51/206H0+27k) /10 g1 | = 0,1,...,9

(5pts)b. 51/90eH0+27k) /45 (o) | = 0,1, ..., 44
(5pts)c. 5120002k /100 o o — 0.1, ...,99

Problem 4.Calculate the following powers of z = —1 + 24

It is ok to leave in exponential form.
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Solution

a. 5oeif10 (70)
b. 515/26i915 (71)
c. 51006i9200 (72)
(73)
Problem 5. Consider the following linear system of equations
1+ 5xo + 223 =3 (74)
T2 +5x3 =5 (75)
221 + a0+ 23 = 1. (76)
a. Apply the following sequence of elementary operations
1. Ly & L3
2. =201+ Ly — Lo
3. %LQ + L3 — Ls.
You should end up in echelon form (in fact you will have triangular form)
Solution
1. LQ — L3
1+ 529 + 223 =3 (77)
21+ +x3=1 (78)
To 4+ dx3 =5 (79)
2. —2L1+ Lo — Lo
r1 + 5xo + 223 =3 (80)
0-— 91:2 — 31:3 =-5 (81)
To +5r3 =25 (82)
3. %LQ + L3 — Lg
x1 + dx9 + 223 =3 (83)
0—9x0 —3x3=-5 (84)
0+ (—1/34+5)xz3=5—-5/9 (85)

b.(15pts faithful effort - 5pts for each variable) Solve for x1, z2, and z3.

x5 = 20/21 = .9524

~1
= (=5 +20/7) = 2381

5
x5 =3~ 40/21 + (=5 +20/7) = —.0952

c. (10pts faithful effort) Does this system have no solution, one solution, or infinite solutions.
How can you be sure? (hint: apply theorem for systems in echelon form)

This system has one unique solution. It has two equations and two unknowns in echelon form
and so it has a unique solution.
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