
AMS10 HW3 Grading Rubric

Problem 1. i. Consider the following system of linear equations

4x1 + 2x2 + x3 = 1 (100)
x1 + x2 + 2x3 = 2 (101)

2x1 + 2x2 + x3 = 5 (102)

a. Put into augmented matrix form
0

@
4 2 1 1
1 1 2 2
2 2 1 5

1

A (103)

b. Put in echelon form

(�1/4)L1 + L2 ! L2 =)

0

@
4 2 1 1
0 1/2 7/4 7/4
2 2 1 5

1

A (104)

(�1/2)L1 + L3 ! L3 =)

0

@
4 2 1 1
0 1/2 7/4 7/4
0 1 1/2 5 � 1/2

1

A (105)

(�2)L2 + L3 ! L3 =)

0

@
4 2 1 1
0 1/2 7/4 7/4
0 0 �3 1

1

A (106)

c. solve for x3, x2, x1 in that order

�3x3 = 1 =) x3 = �1/3

(1/2)x2 = (7/4)(1 � x3) = 7/4 + 7/12 =) x2 = 7/2 + 7/6

4x1 = 1 � x3 � 2x2 = 1 + 1/3 � 7 � 7/3 = �8 =) x1 = �2

d. How many pivot points, hence, pivot variables? 3
e. How many free variables are there? 0
f. How many solutions are there if any? one solution
h. Put into canonical form. Note, pivot points should be the only non-zero number in its column.

(1/4)L1 ! L4

2L2 ! L2

(�1/3)L3 ! L3

=)

0

@
1 1/2 1/4 1/4
0 1 7/2 7/2
0 0 1 �1/3

1

A (107)

(�7/2)L3 + L2 ! L2 =)

0

@
1 1/2 1/4 1/4
0 1 0 7/2 + 7/6
0 0 1 �1/3

1

A (108)

(�1/4)L3 + L1 ! L1 =)

0

@
1 1/2 0 1/4 + 1/12
0 1 0 7/2 + 7/6
0 0 1 �1/3

1

A (109)
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(�1/2)L2 + L1 ! L1 =)

0

@
1 0 0 �6/4 � 6/12
0 1 0 7/2 + 7/6
0 0 1 �1/3

1

A (110)

i. Put final solution in decimal form and compare with solution given by Matlab by applying
the command rref to the original augmented matrix.

rref ([4, 2, 1, 1; 1, 1, 2, 2; 2, 2, 1, 5]) =

0

@
1 0 0 �2
0 1 0 4.6̄
0 0 1 �.3̄

1

A (111)

j. In Matlab, take an augmented matrix from one of the intermediate steps and apply rref. Is
the solution different? No.

Problem 1. ii. Consider the following system of linear equations

4x1 + 8x2 + x3 = 1 (112)
x1 + 2x2 + 2x3 = 1 (113)
x1 + x2 + 2x3 = 2 (114)

(10pts) a. Put into augmented matrix form
0

@
4 8 1 1
1 2 2 1
1 1 2 2

1

A (115)

(10pts) b. Put in echelon form

(�1/4)L1 + L2 ! L2 =)

0

@
4 8 1 1
0 0 7/4 3/4
1 1 2 2

1

A (116)

(�1/4)L1 + L3 ! L3 =)

0

@
4 8 1 1
0 0 7/4 3/4
0 �1 7/4 7/4

1

A (117)

L2 $ L3 =)

0

@
4 8 1 1
0 �1 7/4 7/4
0 0 7/4 3/4

1

A (118)

c. solve for x3, x2, x1 in that order

(7/4)x3 = 3/4 =) x3 = 3/7

�x2 = (7/4)(1 � x3) = 7/4 � 3/4 =) x2 = �1

4x1 = 1 � x3 � 8x2 = 1 � 3/7 + 8 =) x1 = (1/4)(�3/7) + 1/4 + 2

d. How many pivot points, hence, pivot variables? 3
e. How many free variables are there? 0
f. How many solutions are there if any? one solution
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(15pts) h. Put into canonical form. Note, pivot points should be the only non-zero number in
its column.

�L3 + L2 ! L2 =)

0

@
4 8 1 1
0 �1 0 1
0 0 7/4 3/4

1

A (119)

(1/4)L1 ! L4

(�1)L2 ! L2

(4/7)L3 ! L3

=)

0

@
1 2 1/4 1/4
0 1 0 �1
0 0 1 3/7

1

A (120)

(�1/4)L3 + L1 ! L1 =)

0

@
1 2 0 (�1/4)(3/7) + 1/4
0 1 0 �1
0 0 1 3/7

1

A (121)

(�2)L2 + L1 ! L1 =)

0

@
1 0 0 (�1/4)(3/7) + 1/4 + 2
0 1 0 �1
0 0 1 3/7

1

A (122)

i. Put final solution in decimal form and compare with solution given by Matlab by applying
the command rref to the original augmented matrix.

rref ([4, 8, 1, 1; 1, 2, 2, 1; 1, 1, 2, 2]) =

0

@
1 0 0 2.1429
0 1 0 �1
0 0 1 .4286

1

A (123)

j. In Matlab, take an augmented matrix from one of the intermediate steps and apply rref. Is
the solution different? No.
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Problem 1. iii. Consider the following system of linear equations

x1 + 2x2 + x3 = 1 (124)
x1 + 2x3 = 2 (125)

2x1 + 2x2 + 3x3 = 3 (126)

a. Put into augmented matrix form
0

@
1 2 1 1
1 0 2 2
2 2 3 3

1

A (127)

b. Put in echelon form

(�1)L1 + L2 ! L2 =)

0

@
1 2 1 1
0 �2 1 1
2 2 3 3

1

A (128)

(�2)L1 + L3 ! L3 =)

0

@
1 2 1 1
0 �2 1 1
0 �2 1 1

1

A (129)

(�1)L2 + L3 ! L3 =)

0

@
1 2 1 1
0 �2 1 1
0 0 0 0

1

A (130)

c. solve for x3, x2, x1 in that order

x3 is a free variable and can be anything

�2x2 = 1 � x3 =) x2 = x3/2 � 1/2

x1 = 1 � x3 � 2x2 = 1 � x3 � x3 + 1 =) x1 = 2 � 2x3

d. How many pivot points, hence, pivot variables? 2
e. How many free variables are there? 1
f. How many solutions are there if any? infinite solutions
h. Put into canonical form. Note, pivot points should be the only non-zero number in its column.

(�1/2)L2 ! L2 =)
✓

1 2 1 1
0 1 �1/2 �1/2

◆
(131)

(�2)L2 + L1 ! L1 =)
✓

1 0 2 2
0 1 �1/2 �1/2

◆
(132)

i. Put final solution in decimal form and compare with solution given by Matlab by applying
the command rref to the original augmented matrix.

rref ([1, 2, 1, 1; 1, 0, 2, 2; 2, 2, 3, 3]) =
✓

1 0 2 2
0 1 �.5 �.5

◆
(133)
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j. In Matlab, take an augmented matrix from one of the intermediate steps and apply rref. Is
the solution different? No.

Problem 1. iv. Consider the following system of linear equations

2x1 + x2 = 10 (134)
x3 + x2 = 2 (135)

2x1 + 2x2 + x3 = 12 (136)

(10pts) a. Put into augmented matrix form
0

@
2 1 0 10
0 1 1 2
2 2 1 12

1

A (137)

(10pts) b. Put in echelon form

(�1)L1 + L3 ! L3 =)

0

@
2 1 0 10
0 1 1 2
0 1 1 �2

1

A (138)

(�1)L2 + L3 ! L3 =)

0

@
2 1 0 10
0 1 1 2
0 0 0 0

1

A (139)

c. solve for x3, x2, x1 in that order

x3 is a free variable and can be anything

x2 = 2 � x3

2x1 = 10 � x2 = 10 � 2 + x3 =) x1 = 4 + x3/2

d. How many pivot points, hence, pivot variables? 2
e. How many free variables are there? 1
f. How many solutions are there if any? infinite solutions
(15pts) h. Put into canonical form. Note, pivot points should be the only non-zero number in

its column.

(�1)L2 + L1 ! L1 =)
✓

2 0 �1 8
0 1 1 2

◆
(140)

(1/2)L1 ! L1 =)
✓

1 0 �1/2 4
0 1 1 2

◆
(141)

i. Put final solution in decimal form and compare with solution given by Matlab by applying
the command rref to the original augmented matrix.

rref ([2, 1, 0, 10; 0, 1, 1, 2; 2, 2, 1, 12]) =
✓

1 0 �.5 4
0 1 1 2

◆
(142)
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j. In Matlab, take an augmented matrix from one of the intermediate steps and apply rref. Is
the solution different? No.

Problem 2
For the following matrices, determine if they are in echelon form. If the matrix is not in echelon

form, perform row operations until it is in echelon form. Determine if there is one solution, no
solution or infinitely many solutions. If there are free variables, which are the free variables? Which
variables are the pivot variables?

a.

0

BB@

4 8 1 1 2
0 2 2 1 1
0 0 2 2 2
0 0 0 2 2

1

CCA b.

0

BB@

0 0 2 2 2
4 8 1 1 2
0 2 2 1 1
0 0 0 2 2

1

CCA c.

0

BB@

0 0 2 2 2
4 8 1 1 2
0 0 0 1 1
0 0 0 2 2

1

CCA d.

0

BB@

4 8 1 1 2
0 1 2 2 2
0 2 0 0 1
0 0 0 2 2

1

CCA

(143)

e.

0

BB@

0 8 1 1 2
0 2 2 1 1
0 0 2 2 2
0 0 0 0 2

1

CCA f.

0

@
4 8 1 1 2
0 0 2 1 1
0 0 2 2 2

1

A g.

0

BB@

0 0 0 1 1
4 0 1 1 2
0 0 0 10 10
0 0 0 2 2

1

CCA h.

0

BB@

0 0 0 2 2
4 0 1 1 2
0 8 0 1 1
0 0 0 2 10

1

CCA

(144)
(10pts) a. The system is in echelon form and so a solution exists. It is triangular form and so

it has a unique solution. There are 4 pivot variables and no free variables.
b. Echelon form is exactly part a. with the same results.
c. Switch the first two rows to put in echelon form. This implies a solution exists (no inconsistent

equations). There are 3 pivot variables x1, x3, x4 and 1 free variable x2. There are infinite solutions.
d. Apply �2L2 + L3 ! L3 to achieve echelon form

0

BB@

4 8 1 1 2
0 1 2 2 2
0 0 �4 �4 �3
0 0 0 2 2

1

CCA

There are 4 pivot variables and one solution.
(5pts) e. The system has an inconsistent equation and so it has no solution.
(15pts) f. Apply �L2 + L3 ! L3 to achieve echelon form

0

@
4 8 1 1 2
0 0 2 1 1
0 0 0 1 1

1

A

There are 3 pivot variables x1, x3, x4, one free variable x2 and infinite solutions.
g. Echelon form ✓

4 0 1 1 2
0 0 0 1 1

◆

There are 2 pivot variables x1, x4, two free variables x2, x3 and infinite solutions.
h. The system is inconsistent and has no solution.
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